We study the Majorana bound states arising in quasi-one-dimensional systems with Rashba spinorbit coupling in the presence of an in-plane Zeeman magnetic field. Using two different methods, first, the numerical diagonalization of the tight-binding Hamiltonian, and second, finding the singular points of the Hamiltonian (see Refs. [1-4]), we obtain the topological phase diagram for these systems as a function of the chemical potential and the magnetic field, and we demonstrate the consistency of these two methods. By introducing disorder into these systems we confirm that the states with even number of Majorana pairs are not topologically protected. Finally, we show that a calculation of the Z2 topological invariants recovers correctly the parity of the number of Majorana bound states pairs, and it is thus fully consistent with the phase diagrams of the disordered systems.
I. INTRODUCTION
There has been a lot of progress recently in realizing Majorana bound states (MBS) in various low-dimensional systems both theoretically 5-27 and experimentally. [28] [29] [30] [31] [32] The key ingredients are a strong Rashba spin-orbit coupling and Zeeman magnetic fields. However, the inevitable orbital effects of the magnetic field drastically modify the topological phase diagram, eventually destroying the MBS. [33] [34] [35] [36] One possible way to avoid orbital effects is to use in-plane magnetic fields.
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In Refs. [41] [42] [43] [44] various low-dimensional systems, such as 2D ribbons and quasi-1D wires, have been studied. These systems respect particle-hole symmetry (PHS), but violate time-reversal symmetry (TRS) due to the presence of a magnetic field. Therefore, the corresponding topological phase diagrams have been obtained by computing the Z 2 topological invariant (in accordance with the well-known tenfold topological classification 45 ), as well as numerical methods. However, only the case of magnetic fields perpendicular to the plane of the system has been considered.
In this paper we consider the formation of MBS in 2D ribbons and quasi-1D wires, while focusing on inplane magnetic fields. We thus show that 2D ribbons can host one or two pairs of chiral Majorana modes in the presence of an in-plane magnetic field perpendicular to the edges, and we calculate the corresponding topological phase diagram. For quasi-1D wires we first use a numerical diagonalization of the tight-binding Hamiltonian 46 which allows us to evaluate the Majorana polarization (MP). 41, 43, 44 We show that one or multiple MBS pairs can form along the short edges of the system for an in-plane magnetic field parallel to the longer dimension of the quasi-1D wires, and we calculate the topological phase diagrams of these systems. Second we use the singular points (SP) technique introduced in Refs. [1] [2] [3] [4] , based on the momentum values where the determinant of the Hamiltonian vanishes, and we show that it yields results consistent with the numerical ones.
We study the stability of the resulting topological states with respect to disorder, 42 and we confirm that the states with even numbers of Majorana fermions are not protected, whereas those with odd numbers are. We also perform a calculation of the Z 2 invariant which should give one access to the parity of the number of Majorana modes. Indeed we find that this calculation predicts correctly a topologically non-trivial character for the phasespace regions shown numerically to have an odd number of MBS pairs and to survive the effects of disorder.
The paper is organized as follows: in Sec. II we introduce the general model and give a concise description of the tight-binding and singular points techniques, as well as of the Majorana polarization definition. In Sec. III we present the results for 1D wires and 2D ribbons. In Sec. IV we present the phase diagrams for quasi-1D wires of different widths, using the numerical diagonalization and singular points methods. In Sec V we present the effects of disorder and we compare the disordered results with those obtained using a topological-invariant calculation. In Section VI we consider fully-open (square) systems. Finally, we conclude in Sec. VII leaving the technical details of topological-invariant calculations for the Appendix.
II. MODEL AND METHODS
We introduce a model that can describe different 1D and 2D systems with an intrinsic (or proximityinduced) s-wave superconducting pairing ∆, longitudinal and transversal Rashba spin-orbit couplings λ x,y , and a Zeeman magnetic field B = (B x , B y , B z ). We write the Hamiltonian in the Nambu basis Ψ r = arXiv:1611.09367v1 [cond-mat.mes-hall] 28 Nov 2016
where t is the hopping amplitude, µ denotes the chemical potential, x,y are unit vectors for the x and y directions correspondingly, and the lattice spacing is set to unity.
A. Numerical tight-binding techniques and the Majorana polarization
The eigenstates of the tight-binding Hamiltonian described above can be obtained using a numerical diagonalization (here performed using the MatQ code 46 ). In the Nambu basis, an eigenstate j of the tight binding Hamiltonian can be written as ψ
r↑ , where u and v denote the electron and hole components respectively. The vector of the local Majorana polarization 41, 43, 44 on each site r = (x, y), for the eigenstate j is given by:
This quantity allows to discriminate locally pure electron (hole) states from Majorana-like states. It is easy to see that for pure electron (v r↑ = v r↓ = 0) and pure hole states (u r↑ = u r↓ = 0) the local Majorana polarization equals to zero. For our purposes it is more practical to use the integral of the MP vector over a spatial region R defined as:
Note that in Eqs. (2,3) we assume that the wave function is normalized.
To obtain the topological phase diagram we first find the lowest energy states of the given system. If these states have energies close to zero they may be MBS. We divide our system into two halves (along the shorter length), and we compute the integral of the MP vector in each of these halves defined by r ∈ R for each 'zero'-energy state. The states that have C = 1 are MBS, and those with C = 0 are regular electron or hole states. Note that we may have only a pair of state with C = 1, or multiple degenerate zero-energy MBS states with C = 1. In the results that we present here we sum the MP over all the lowest energy states. Note however that the states with even C (even number of MBS pairs) are not topologically protected, and thus any small disorder introduced into the system destroys such Majorana states.
B. Singular points of the Hamiltonian
To find a MBS in a system described by a PHS Hamiltonian H(k), we seek for localized zero-energy solutions of the Schrödinger equation: H(k)Φ = 0. In the most general case these solutions are of the form e ikr that can be rewritten as e ik r ·e −zr ⊥ , where k denotes the "good" quantum number and z is defined below. We analytically continue k to the complex plane and we consider the solutions of the following equation
defining the so-called singular points k i ≡ k + iz in the complex plane at which the determinant of the Hamiltonian vanishes. By definition z is given by the imaginary part of the singular point k i . The practical use of these complex momentum values is the following: by continuously changing the parameters of our Hamiltonian, we continuously change the corresponding k i 's. If we are in a topological phase, z must be positive (in other words the solution is localized). As soon as z crosses zero and becomes negative, the solution becomes delocalized, and therefore we enter a non-topological phase. Further details can be found in Refs. [1] [2] [3] .
We propose the following way of constructing a phase diagram. The parameter space is given by the chemical potential µ and the magnetic field B = |B|. Firstly, we find all the k i 's as a function of the parameters in the Hamiltonian, such that k i = k i (µ, B), i ∈ 1, 2N , where 2N is the total number of k i solutions. We then sort them at each point in the parameter space with respect to their imaginary parts as follows: Im k i < Im k i+1 , i ∈ 1, 2N − 1. Sorting is one way to construct continuous functions Im k i (µ, B) in the parameter space. Although it is possible to deal with discontinuities analytically, 3 in numerical simulations the continuity of Im k i 's becomes crucial since it is hard to discriminate the zeros of Im k i (µ, B) from its discontinuities. Subsequently we look for the functions k i (µ, B) whose imaginary part crosses zero. This can be done by plotting their imaginary part as a function of the system parameters. Since Eq. (4) yields pairs of solutions with opposite imaginary parts, and since these pairs have been sorted according to their imaginary parts, it is therefore sufficient to plot the imaginary part of either the smallest positive root (i = N + 1) or of the largest negative root (i = N ). The set of points (µ 0 , B 0 ) where Im k N (µ 0 , B 0 ) = 0 (or equivalently Im k N +1 (µ 0 , B 0 ) = 0) yield thus the phase transition lines between the topological and non-topological regions in the phase diagram.
Note that this technique can in principle used also to count the number of MBS present in a given phase. The corresponding counting formula is extremely simplified when "Exceptional points" are present 1,2 for a system with unbroken chiral symmetry. In such a case, the Hamiltonian can be brought to a block off-diagonal form, however, when the chiral symmetry is broken, this blockoff diagonal form cannot be achieved in any basis and it becomes cumbersome to isolate two sets of N continuous solutions k i (with opposite imaginary parts) and plug them into the counting formula to get the total number of MBS. Thus we will use the singular points method only to find the phase-transition lines. In order to find the number of MBS pairs in a given phase we will rely on the numerical tight-binding calculations.
III. 1D WIRES AND 2D RIBBONS
A. 1D wire
We start by describing the well-known phase diagram of a 1D SC wire which we take to be lying along the xaxis (N y = 1 and N x 1). In the presence of a magnetic field the time-reversal symmetry (TRS) is broken, and only the particle-hole symmetry (PHS) holds, therefore the system is in the topological class D described by a Z 2 invariant.
45 If the applied magnetic field is perpendicular to the spin-orbit direction, i.e. either B = (0, 0, B z ) or B = (B x , 0, 0), the SC wire enters a gapful topological phase as soon as B x or B z become larger than (µ − 2t x ) 2 + ∆ 2 . The corresponding phase diagram is shown in Fig. 1 . Further details of the Z 2 invariant calculation can be found in the first subsection of Appendix A.
B. 2D ribbon
In this subsection we study a 2D ribbon with a finite but large number of sites in the y-direction (N y 1), and infinite in the x-direction N x → ∞ (see Fig. 2 ). We set λ x = λ y = λ and t x = t y = 1. We are interested in the zero-energy solutions localized at the edges of the ribbon. In Fig. 3 we plot the band structure of this system for an in-plane magnetic field B y parallel to the y-axis (perpendicular to the ribbon edges), as well as the topological phase diagram of such a ribbon obtained using the tightbinding numerical diagonalization and the evaluation of the MP as described in section II. First of all, we note that the spectrum is PHS even though the band structure is not. Second, as we can see from the band structure, the system may become gapless, i.e. there are region in the momentum space in which the gap in the spectrum is closing. However, despite the fact that there is no overall gap, chiral MBS do form, and they correspond to values of momenta in which the bulk spectrum remains gapped (e.g. k x a = 0 and k x a = π). Such states are localized and propagate along the edges of the ribbon. We should note that similar situations in which the closing the gap can occur for certain regions in the parameter space have been previously studied, and it has been shown that, despite the absence of an overall gap, the system can still be topological, and support MBS. [47] [48] [49] [50] [51] The number of MBS pairs varies from 0 to 2, depending on the parameters of the system (see Fig. 3 ). However, the case of two Majorana fermions propagating at the same boundary is not stable, and in the absence of protection by TRS, for example in the presence of small disorder, such states would combine to form a conventional fermionic state. Thus the system is topologically non-trivial only when the number of MBS pairs is equal to 1. It is also worth mentioning that the number of sites in the y direction must be large enough so that the overlap of the wave functions of the two Majorana states localized on the two opposite edges of the ribbon is exponentially small, and that these states cannot hybridize and acquire a finite energy. Note that if the magnetic field is applied along the xaxis the system is also gapless, however, in this case no Majorana modes form, for any region in the parameter space, and the system is fully trivial. In all the examples we set ∆ = 0.2t, λx = λy = 0.5t.
IV. QUASI-1D WIRES
In what follows we focus on quasi-1D systems, i.e. systems made-up of N y > 1 coupled wires each with a finite but large number of sites N x 1 and N x N y . We consider an in-plane magnetic field B x parallel to the long edge of the system (see Fig. 4 ). Note that for a magnetic field parallel to the y-axis, no Majorana states can form, since the magnetic field would in this case be parallel to the direction of the spin-orbit coupling in the wires. A similar system was considered in Ref. [44] , but only for magnetic fields perpendicular to the plane of the system .   FIG. 4 . A sketch of a quasi-1D wire with a magnetic field B = Bx along the x-axis. The black sites denote the short edges of the system where the Majorana modes would be localized. The quasi-1D system can be thought of as a set of 1D wires coupled in y-direction.
As described in Section II, we will use two main tools to obtain the phase diagram for these systems. The first is to numerically diagonalize the tight-binding Hamiltonian and employ the integrated MP by plotting its value as a function of the chemical potential and the magnetic field. The second is to assume that the momentum k x along x is a "good" quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first two methods are fully consistent. Each phase transition boundary defined as a change in the number of MBS pairs obtained via the MP technique corresponds to a line of zeroes in the SP plot. The only apparent exception is the special case of the white lines in the N y = 4 close to µ = t and µ = 2.2t and B = 0.5t. They seem to correspond to the special case of a zero-size non-topological line-like region between two topological regions with one pair of MBS. Such situations, i.e. topological regions divided by a line of non-topological points, can arise, and are well captured here by the SP method. The numerical method is a bit less precise in this case, and the non-topological lines acquire a finite width, mostly because of the finite length of the considered systems (in the infinite-length limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show the phase transition boundaries, but also to give access to the number of emerging MBS. Since the chiral symmetry (a combination of the PHS and the TRS) is absent due to the magnetic field which breaks the TRS, we cannot easily use the counting formula introduced in Ref.
[3] to obtain the number of Majorana modes using this method. The counting formula is in principle also applicable in the absence of the chiral symmetry, but the broken TRS case is very cumbersome and much harder to implement numerically. Therefore, we use here the SP technique only to obtain the phase transition lines; the actual number of the MBS pairs and the topological character of a given phase space region are obtained numerically via the calculation of the total MP. We should point out that some segments of the phase transition lines in the right column of Fig. 5 are almost non-visible. This is not due to the failure of the method, but to the numerical grid: In the left column we plot the total MP summed over all the low-energy states with a MP larger than a given cutoff, here taken to be 0.8. The color scheme indicates the number of MBS pairs. In the right column we plot the results of the SP calculation; the phase transition lines are given by the zeroes of the plot. We consider systems with 2, 3 and 4 coupled wires. The results of these two methods are consistent, and the phase transition lines coincide. We set ∆ = 0.2t, λx = λy = 0.5t.
the regions in which the zeroes of the determinant occur are very thin and the number of points required in the grid would be too large to capture them entirely. We did check though that the phase transition lines are present everywhere as expected, even if not fully shown in Fig. 5 . Note also that by increasing the number of wires we can increase the number of MBS. However, as we will show in the next section only the states with an odd number of MBS pairs are topologically protected.
V. EFFECTS OF DISORDER AND TOPOLOGICAL INVARIANT CALCULATIONS
In what follows we show that a small amount of disorder makes the Majorana modes re-combine and form regular electronic states in all the regions in the parameter space with an even number of Majorana modes; thus these regions are not topologically protected. However, in all the regions with odd numbers of Majorana modes one MBS pair survives the effects of disorder. In the left column of Fig. 6 we show the phase diagrams for quasi-1D wires in the presence of disorder. The disorder considered here is a random variation of the value of the Zeeman magnetic field with an intensity of 5% around its average value. 42 Indeed, we see that in the even-parity regions of the phase space the Majorana modes are destroyed, confirming their non-topological character.
We also present the corresponding phase diagrams computed using the topological invariant (TI) (for the details of the derivations see Appendix A, as well as Ref. [44] ). In Fig. 6 we compare the phase diagrams showing the topological regions surviving the effects of disorder (left column) and those obtained using the topological invariant (right column). Indeed, up to some sets of lines of special points, the topological regions, as predicted by the topological invariant, coincide with the regions in the phase diagram shown numerically to exhibit an odd-parity of MBS pairs and to survive the presence of disorder.
VI. 2D OPEN SYSTEMS
If both N x,y 1 and are comparable in size then we are dealing with an open 2D system. In Ref. [44] it has been shown that for perpendicular Zeeman magnetic fields finite-energy quasi-Majorana-like states (C = √ 2/2) may form, localized mostly in the corners of these square flakes, for a set of parameters inside the 2D bulk topological phase. However, for in-plane magnetic fields (e.g. along x-axis) the situation is very different since the rotation symmetry is broken and we always have an in-plane special direction, and we can no longer expect quasi-Majorana states with rotationally symmetric MP.
By analyzing the MP of these systems we note that the generic situation that emerges is that depicted in Fig. 7 : quais-disordered edge states localized on the edges of the system perpendicular to the magnetic field. Such states have also a quasi-disordered MP, and the integral of the MP over one of these edges states is finite (for the case in Fig. 7 this is of the order of 0.9).
This tendency to form a Majorana state is larger for values of the magnetic field close to the transition, and for systems with a very large N x we can actually recover actual Majorana states in these systems on the edges perpendicular to the magnetic field. The systems required to recover a full Majorana are too large for our numerical abilities, but even for smaller systems we have managed to tune up the parameters to get a MP up to 0.9, and increasing the size will improve this value. This is important from an experimental perspective, since it indicates that for in-plane fields actual Majorana states can form even in wide square systems, while for In the left column we depict the MP of the lowest-energy mode for a disordered system. We impose a MP cutoff of 0.95 (the states with MP smaller than 1 cannot be considered actual Majoranas and usually correspond to non-zero energies, even if they remain Majorana-like). In the right column we depict the phase diagram as obtained using the topological invariant calculation (without disorder) (the topological regions are shown in violet). Note that, up to some special-points lines, the TI results are fully consistent with the those for the MP in the disordered system, which is expected since the TI gives access to the parity of the number of the MBS. In all the panels ∆ = 0.2t, λx = λy = 0.5t.
perpendicular fields this can never be the case unless one dimension is much larger than the other one.
VII. CONCLUSIONS
We have studied the formation of Majorana bound states in 2D ribbons, quasi-1D wires and 2D open systems with Rashba spin-orbit coupling and an in-plane magnetic field. We have shown that in 2D ribbons chiral Majorana fermions may form when the magnetic field is perpendicular to the edges of the ribbon. Furthermore, we have studied quasi-1D wires exploiting a numerical diagonalization technique and the Majorana polarization, as well as the singular points technique, and we have proven the qualitative equivalence of these two methods in constructing the phase diagrams of these systems. We have also evaluated the topological invariant for the quasi-1D systems and we have shown that its usage allows one to obtain the correct phase diagrams for the parity of the number of MBS pairs. Moreover, we have confirmed numerically that the phases with even number of MBS pairs are not stable in the presence of disorder, and are thus topologically trivial, while the phases with an odd number of MBS preserve their topological character.
as:
where B = (B x , B y , B z ) is the magnetic field, f (k) is the dimension-dependent dispersion for electrons on the lattice with a chemical potential µ and a hopping parameter t, while L(k) is the Rashba spin-orbit coupling term, which also depends on the dimensionality of the lattice. We disregard the orbital effects of the magnetic field. The Hamiltonian given by Eq. (A1) is particle-hole symmetric, i.e.
ΞH(k)Ξ
where K is the complex conjugate operator, and we set Λ ≡ σ y ⊗ τ y .
1D wires
We consider a 1D superconducting nanowire with Rashba spin-orbit coupling and with an arbitrary direction of the magnetic field. We thus have f (k) ≡ −2t cos k − µ and L(k) ≡ iλ sin k. As long as the magnetic field is not collinear with the spin-orbit coupling (B z or B x , but not B y ), the system stays gapful and thus topological invariants are well-defined. Time-reversal symmetry is broken in the presence of a magnetic field, therefore we expect to have a Z 2 topological invariant in accordance with the classification in Ref. [45] . On the contrary, if we consider the case of a non-zero B y along the y-axis, we end up having a gapless trivial phase. Thus, below we set B y = 0.
To compute the topological invariant we seek the Gamma-points of the Hamiltonian (A1), i.e. the points for which L(k) = 0. It is easy to see that within the first Brillouin zone we have two such points: Γ 1 = 0, Γ 2 = π. At each of these points one can define a skew-symmetric matrix W (k = Γ i ) = H(k = Γ i )Λ with an associated Pfaffian. The topological invariant is given by
This expression can be simplified using the identity (Pf A) 2 = det A, thus yielding:
We compute the corresponding Pfaffians
where
z . Therefore, the topological invariant is given by:
The corresponding phase diagram is given in Fig. 1 as well as on the left panel of Fig. 8 .
2D systems
For this system f (k) ≡ −2t(cos k x + cos k y ) − µ and L(k) ≡ iλ(sin k x − i sin k y ) is the Rashba spin-orbit coupling term. Despite the fact that in parallel magnetic fields the system can become gapless for certain regions in the parameter space, below we compute formally a Z 2 topological invariant. This invariant should indicate the parity of the number of Majorana modes arising at the edges introduced into the system. To compute the topological invariant we find the Gamma-points of the Hamiltonian (A1), i.e. the points where L(k) = 0. Within the first Brillouin zone there are four such points: Γ 1 = (0, 0), Γ 2 = (π, 0), Γ 3 = (0, π), Γ 4 = (π, π). At each of these points one can define a skew-symmetric matrix W (k = Γ i ) = H(k = Γ i )Λ with an associated Pfaffian. Exactly as in the previous subsection the topological invariant is given by z . Therefore, the topological invariant is given by:
with δ denoting the Kronecker delta. We define also the spectrum of the free electrons f (k) = −2t cos k − µ, and the spin-orbit coupling term L(k) = −2iλ sin k. In this system the PHS operator can be written as follows:
where K is the complex conjugation operator. We take the same path as in the previous subsections: firstly, we find the Gamma-points of the Hamiltonian (A9), i.e. the points where L(k) = 0. We find only two such points in the first Brillouin zone: Γ 1 = 0, Γ 2 = π. A skew-symmetric matrix W (k = Γ i ) ≡ H(k = Γ i )Λ is defined at each of those points along with an associated Pfaffian. Exactly as before, the topological invariant is given by
We do not give here the analytical expressions for δ since they are quite cumbersome. To obtain the topological phase diagram we plot in the right column of Fig. 6 the topological invariant as given by Eq. (A11), as a function of an in-plane magnetic field B x and the chemical potential µ.
